Solution of the Exam (2018)

Guillaume Rabault

This is the solution of the exam for the 2018 ensae course.

Exercise 1

1. The program is:

min 7' Y.
T
7e=1,

;o

7' =[.

The Lagrangian is:
1
§7T'E7r —or'e — ' p.
2. First order condition:
X = de + ypu.

The condition 7 = 0 corresponds to the minimum variance portfolio, since
this corresponds to the soluion of:

min 7' 7.
s

me=1,
i.e. wihtout the return constraint.

3. If (¥7); is the ¢"th line of the vector, we have obviously:
(X7)i = ypi -
Now (X7); is the covariance of portfolio 7 with asset i.
4. Multiplying the first order condition by 7/, we get:
var(F) = yii + 6.

Beta is defined as:
Cov(ry,mp)

Var(rp)



We can therefore multiply and divide the left hand side of the equation
established in the previous question by var(7):

)
var(r)B; = pi + =,
5

which then, leads to:
) 1)
Bi(fi+ =) = pi + —.
Y Y

. If we gather all the above equations using a vectorial notation, we get:

5 5
P+ =) =p+ =
gl gl

We then multiply this by 7’ and then use the fact that @3 = 0 to get:

1)
0=pn+—,
0

. )
fi=——.
5

This provides the required result.

. We have used the assumption v # 0. As a consequence, this construct
cannot be applied for the minimum variance portfolio.

. Using the definition of §;, we can write:
Cov(ry, 7) (1 — p) = Var(r)(ni — p),
which in turn gives:

Cov(r;,7) = \’;ai(z) (i — p),

provided it — p # 0. This has the form:

T =yp+ de.

. The above equation is the first order condition of certain maximization
problem as set out in question 1. To identify this program, all that is
needed is finding the expected return. It is however just 7’u. Now, since
the first order condition characterizes the solution, 7 is, as desired, on the
efficient frontier.



Exercice 2

dw,  dp, dD,
= _— 1 — _
w, ~ g, TUmed s

AW,
Wy
dW,
Tt + ze(pp — 7r)dt + mod By,

Wy
E; [dWy] = We(rdt + x4 (pu — r)dt),

dW]; = Wiaio?dt.

= $t(ﬂdt + O'dBt) + (1 — IITt)'I"dt,

dW,
Wi
where ¢; = C/W;.

=rdt + x¢(p — r)dt + xr0dB; — cpdt,

. The term that depend on C} in the expression to be maximized is:
u(Cy) — JwCy,
and its maximization with respect to C; lead to:
Ct = U,_1<Jw).
. The term that depends on z; is:
1 2.2 2
JwWixy(u—r) + §JWWWt xio”.
Assuming this is a concave function in x;, we can assume optimal investment
is given by:

o Jw p-—r
¢ WtJWW O’2

. The first fraction on the left hand side is risk tolerance. Investment is
proportional to the tagent portfolio.

. This is standard calculus.

. These equations are obtained by subsituting the optimal controls (con-
sumption and investment, as function of the partial derivatives of the value
function) into the expressions. The algrebra is a bit tedious but without
difficulties.

. Inject the result of 7. into HJB. The algebra is simple.



9. Injecting the above results into HJB, prove that h(-) solves the following
differential equation:

1—04)\2
o )

B=—|-p+(L—a)r+

Q|r

the equation is:
'+ pBh+1=0.

The solution is of the form:
h(t) = aexp(—pt) +b.

The differential equation and the terminal constraint determine a and b.
We get:

ht) = % (exp(B(T — 1)) —1).
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